‘v\-l—cjm\i{-j

Lt R be o g nn S o R-algeloe.

_b,__e/(": SGS is infeqral over R i+ + is e T<wo of

Sbvvie. Mowic Pol_th\DVV\\'CLl (n RC”‘] | £ erCij elemunt of S

is  integrval over R, M § s “"‘l‘egra( ovaur R

Welll somn chaw That T set of eloments  inkgral over R i
o subalglia of S, called e inkgel clojure o R in § (ov
e novimalizapm of R in Q) If R it on t'm‘ejra\ dovain,
Twe intkegirml  clogure (ov novimalizabn) o€ R (w/ out veferenc,
‘o aw R-algehra) i Twe inkegral clogure in it tieddd o
frachons.

G\&d\/v..;_:\—yfca[lm Vl,ng\qh’-z-(v:j a \n‘v\j Cov VL,SPWAQS +o l\fw\"avo\/i\/\j" e
%iv\ju\av{-l-{e_s ok a Vam'e+1j. e-9. we momq(l’aah'ma o€ o Luvue

1% QlWa:Lﬂg %Wtcmﬂ/ll

Def: NE &HR over R (ov W‘Odu({-—@l{.}gs iC it s a \[‘I'V\fkhj

Wai—d R~ module Gai‘ﬂ"k- = -pt'mi-|—c|3 Waka! ag an R—a\jdam)

Ex: L) R(x) iy a 10-3. Q—a(gﬂsyq) lbut 18 hot Anike ov

imk.jml over R



2) Rc{)/c;fz.) 1% fnite avd (V\(—CJm\ oLV Q

3 Qv vz, ] g integral over @, but ot Fuite.

-I:\’vn'l-c,l/u_sg s o &+Vuv\je,v condihim  than (V\kjlfa(l'{‘v"

FPQB: S is fute over R 2 S s jWW&M ol O R-ﬂg;,lom
g fiikcly ey inbegral elemean b (.--e._ S’)RC%\,---J/%-\J"(“GS)

o’? %v\m-h)rs

in S? i'h‘k‘ﬂm( 6ver R

Pf: Suppose. S iy finite over R, IF Qe$) considar e map
9:0—=8 detved sr2as. T CH saus I sabisfies

P(,(‘(S=O for Some mownic polujhow\{a( P Thwg P(&)S=O
So P(a\=o

Converscly | suppose S=R(«, ..., o] ;A inkegal over R
et = R{4s ) €S By mduchion, we ascume S 0%
fnte over R, Jerer-ated by s:3.
e e
An s I‘V\kjm( over R omd Taus over §. Lot p(x) e
o wmonic polynanmial over S (v R) ¢t p(x)=0
T we have a wmap

S (<) ST «] =S

X — o,

whose kernel Containg  p.



o) [~ —> x /()
S %U/m 3= sl

where T (g Tu whole ‘LLVVL&_.\ O\C SIC""_-) N S

—D’WLS, lmj e prop inh Tue previous 3e,c,h'uv\) S s finike
oVer SI)

gomerated by a fate  set Lt} Taus, S s
W\rakd ay o R-tmodule by, {%;’Ga\& CEXe(rc(Sc(.) 0]

AV\.DT\/\.W qppll‘cah’d\q of C-H J[VLS ws O crikervion  for whaon ana

elevnt g ihkjval over @ Vl'V:—J,

Bop' 1£ S g am R-algehvn and 569, tm s & nkegrul over
R it 3 o Smodule N o a {1-3. R-submodyle MEN
hot aunihilakd by oy nOWEeO clemunt & S b (MCM.

Cov: seQ s fvtkﬂm( over R & Rs) g fnile over ]Q

PE & Cov: (=>) b\ﬂ Prevwouns pvop.

(&) ot M=N =RCs), Mappl,v pvo p A

PL 4 pvop: (""'3) Assumne s 1% imi—tﬁra( over R. Talke N=S.
T M=R(ICS.  Tuus MgRDQ/I

) wlhire L containg some

J

Wonie  polynsmial S Sah‘sﬁ‘bs) o M s finike over K



(V:‘—‘) Given MEN  modules as Mwibd) (¢4 L(‘M%M be

finrte S-module
ovwr R

multiplication 1»17 . T  we con app\\g C-H w/ T=R
bmd we qet a monic polynomial  p(x) ¢ REx) L. ‘0(8)M°O.
But M ¢ nhot awmnihilaked by nowzeo elts ot S w pl)=o

Thus, ¢ g i\nl-cjrql ovu- R. O

As wmbioned  eavlier, inkeqrul eloments over R in § form

a subalgebra. b pavticulor, 1€ S,..,5, ave inkgral over R

%'D iS RESL}'--) gy\—j -

M Ltk S be an R-algebim. Twe sk of elomembs of S
inkegral over R is a Smba(je_[om oft S.

PP Suppose a,b €S oave inkeqral ovar R WIS  a-b, ab

hve 0Of \/u(“

RCab] is Anik over R Lt s ab o a-b N=6) M=QCQ.61
M s not annihilaked by oy elemunt of %j omadd  sSMEM,
Thuns s s iv\kjra( ove, R C\mj pvo(o\. 0

Field extomsions + Nullséellemsatz revisited

We need to apply allof twis f fields i ovduv fo finally
Finrgh e procf of Te Nullstellencatz. Remumber we need
™o following:




Tam: g ks a(je,braica(lj osed, e mmaximal daals of
k[xl)---_)'xhj ave all of Twe fovim (’X|_ql) _..)'Xl,fOl‘,.BJ a(ek.

Recall t™hat we know all of Twese idigls ave waximal. We Just
heed to Show Fhcse aie {X&L’flj e maximal  idwals.  First we
recall Some  field T\fu;ovai

Suppox KgL ave F\‘dds) \/.J_..JV,\GL. ﬂ/\-l/v\ “(C\/.,.-.)VMB (s

Me  swmallest subfield o L wv\’ra(w'\nj K od cach Vi -
Equiva(wﬂ\j‘ it's Twe fdd of Haching of kEVlJ---JV»A'

Defi L iv o finikely sonvuted field extomsin of K 1f
L: R(VIJ-“)Vv) '%V‘ o me \Il)'-') VhéL- L & o 0['3-2..'0%&]'(.,

extmsion i€ all elemant o L are alje_bmfc, over K.
.. .St\‘h'cﬁj a Pb\jhdvv\fQ\/K‘

B QW) « ©OF) smee F () <L Tug e om
algebraic extmsion A Q. t's alw Lk over QR

Since it's  gowwatdd by I, (5.

C_L‘if’_.(‘" £ K<SL ave Felds P e elomants  of L vt

ove algblom(l, over K fovwn ar subfeld.

Claim: k(™ is wnot a fintely a,vwz,m(—cc)\ k-a(}cfava.




Ef.‘ SMPPOS{' k,(?\’B:kCV.,._.) VM]'

T, 3 be \a.C’X_S 5.4 \ovic—k['ﬂ fov all Vi, ord  Lhhooye
Ceklx) ivreducible wot dl’\/l’d(mj b.

Write CL as a k-linear ombination o monwomials in Tue
N

Vis., = I N=>0 ¢t % éhCﬂ, a Cowbradic row. 1)

Clatm: k(x) is its own (l/\'('(jm( closure in k(’ﬂ.

Ef’ Lt =2 ¢ k(,’ﬂ be. imkﬂm\ ovey R[™). ™maen we howe

e+, " ta, =0, a;é k(7).

\

e 2 =§ ) wlhere of,jek(:x'_\ Ove m,tah’ve_lg prinee, Hhem
vau(ﬁplw\‘v\j ﬂmuﬁln oy ﬂw we 9ot

T A f° = qek.D
ey a1 3
divisible
lo:j\j

We eed One more lomma  befove fovoving Mo Nullgtellonsatz.

lemmoa:

Lt KCL be felds. IF Lis a .4 K a(jekm) e,
L is Auik (Wvua( 'h'\u<3 alj,dova\'c aVvevr K

Pf: (et L= ROViove). We'll prove by ivduchion on n.



o nel, twmside K= K(v)]

x —— V,

Kiv) 15 a feld | wo Klv) KE’A/(H , F#O
T\/\,\A,SI QCCVI)=O =V, i§ a\g;,bmro Over [.( - RCV.J i% ﬁ-m'l-r__ oven |'<

Now a8sume Hae slabemuent holds for extemsiong g;/uwa{—c_o\ lovy
-l elemunty,  Thaon L=K(V.\[Vz,---JVA s finite + alg,gbval"c
ovur- R(Vt\

NN —

L i algelvaic /K by hansitivity of iv\kjmh"b (Hw #q)

Ca,ge, [ vV, algx,bmic,/l{. Twan, K(V.\ 18 alg,.kwmu‘c/l-() So

Se L 1% a k—afgx,lom Wq*‘-{d b‘O 1’-\'m'l—dtj Moy im#eﬁm]

Cll/l/V\J/v\"S) %) \'{"6 ‘pi'/\l'l-i OV v l'(

(,a—s{, 2: v, hot a,%[oml‘c, oV<tv I’< _ﬂ/\.uv\

KCx1— K (v,)

has O kevinel )  $o K(x) = K CV'B-

=\

Each V; Sahsfies ¢on—e v:‘ Y a v, o+t qh=O aéeR(V.}

( J

Set aekR(vW) b be twe produ ct- o e denominatovs of
e a;. Mulhplying by 4", we get



(v s (av) T h o v a0,

Whre all e wellicints ake how in KCVA.
Thwms, av, 14 l’mkj\ml over K(v/).

Take z2el avd N>0 ¢b. OLN-Z-Gk[vui\[avzgq\/%---)qvh-))
ond 18 Thwg ih{—gjv-a\ over  K(w).

thd C € |‘<[V1] V'(.\.OL‘{'\'V-C\j PV|V\M "'0 CLJ M SL(-

?=ZL6K(V') C L

Tm v some N >0, Z—Né K(v)) is inkgral over K{w],

N
* e kCVJ) which i¢ a conbedichim §inte o ad ¢ ave

Qv C

vel. PV(WUL, Q
Now we Awish twe Nullgtellemgatz :

Theovem: £ k=l, od W Cklx,..., %)= R is moaxinal, e

—

VV"":('X\—OH,,---J’XM'—QV\\) Svve a"é’-k,

PE Wk L= L i o feld amd R CL.

L g C-j- over k., so it a(jalmrm'c, cver k. i-e. € %GL)
M F(2) =0, some  Fe k(x).



ke alg,dwm‘ca((«j dosed, so zek. Thus L=k.

WMS, v all X Mare is ¢owme a;eR 4. ’X;=E; in |

= (%, -a Nu=6n) S buk , | : the
(IR n w = ) 1% W\ax(w\a\ §o j
< ) J

oave zqua(. 0



